FLAT CHAINS OVER A FINITE COEFFICIENT GROUP(*)

BY
WENDELL H. FLEMING

1. Introduction. Let G be a metric abelian group. Qur purpose is to develop a
theory of integration over chains with coefficients in G. The notion of chain
should be broad enough to allow for general existence theorems for minimum
problems of calculus of variations. At the same time, if G is a discrete group
then the chains should be very nearly (in a measure theoretic sense) chains of class
cW,

When G is the additive group Z of integers such a theory was developed by
Federer and the author [FF]. The ‘‘chains” in this paper are currents of certain
kinds. A current (in the sense of DeRham) is a continuous linear function on a
space of differential forms. Since the notion of current over an arbitrary coef-
ficient group G is not defined, a different approach is needed. The one we shall
follow is due to Whitney [W, p. 152] for chains with real coefficients.

Let P(G) denote the group of polyhedral chains of dimension k in n-dimen-
sional euclidean E", with coefficients in G. Let M(P) be the elementary k-di-
mensional area of a polyhedral k-chain P, and let

(1.1) W(P) = inf {M(Q) + M(R): P=Q + 0R}.
Q.R

The Whitney flat distance between P,,P,e P(G) is W(P, — P,). Let C,(G)
be the W-completion of P,(G). The elements of C,(G) will be called flat k-chains
over G. Every flat chain A has a boundary 04 and a mass M(4), defined below
in §3. If G is a discrete group, then a flat k-chain A4 is called rectifiable if A is
the M-limit of k-chains of class C'*). The idea of rectifiable chain can also be
described in terms of local tangential properties almost everywhere in the sense
of Hausdorff k-measure. See §9. !
The main result of the paper is the following:

THEOREM. Let G be a finite group. Then every flat chain A of finite mass
is rectifiable.

This will be proved in §10. The theorem is also true when G = Z, by [FF,
8.13] together with (5.5), (5.6) below. However, the method of proof is quite
different. When G = Z,, the integers mod 2, a result similar to our main theorem
was proved by Ziemer [Z] for the special dimensions k =0,1, n—1,n.
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Since mass is lower semicontinuous, as a corollary we have a closure theorem:

THEOREM. Let G be a finite group. If A; is rectifiable for j =1,2,---, M(A))
is bounded, and W(A; — A)—0 as j— o, then A is rectifiable.

One of the main tools we shall use is a deformation theorem for flat chains
having compact support and satisfying M(A4) + M(dA4) < . See §7. The proof
is just the same as for the corresponding result in [FF, §5], as soon as some
rather routine preliminaries about intersections, Lipschitz maps, and homo-
topies have been established. Another tool is a structure theorem for sets of
finite Hausdorff measure [ F]. With any flat chain A of finite mass is associated
a measure p, such that p,(X)= M(4A N X)for every Borel set X < E". After
bounding above the upper k-density D{pu,(x) and bounding away from O the
lower k-density Dy u,(x), in §8, we find a set X, of finite Hausdorff k-measure
whose complement is p,-null. Using the structure theorem it is shown that X,
is a (uy, k)-rectifiable set, in the sense of [F], and this implies that A4 is a recti-
fiable flat chain.

The finiteness of G is used only to show that D*u (x) is u,-almost everywhere
finite; see (8.2). It is an interesting open problem to find a proof of this when G
is a countable discrete group, and thereby extend the whole theory to such co-
efficient groups.

2. Polyhedral chains. Let E" denote euclidean n-space. Its points will ordi-
narily be denoted by x = (x!,---,x"). The closure, interior, and frontier of a
set X < E" are denoted respectively by clX, intX, frX, and the complement
of X by X°.

Let k be an integer such that 0 < k < n, and let P(Z) denote the group of
polyhedral chains of dimension k which have integer coefficients. The group
P(Z) may be defined precisely either as in [W, p. 153] or as a subgroup of the
group of all currents in E" of dimension k as in [FF, p. 463].

Let G be an abelian group provided with a translation invariant metric. Let
|g| denote the distance between g e G and the group identity 0. We shall assume
that G is a complete metric space. Further assumptions about G will be needed
in §7. For the detailed information about the local structure of flat chains of
finite mass in §§9 and 10 it will be assumed that G is a finite group.

If H is a closed subgroup of G, then on G/H we may put the quotient metric

2| = inf{|g|:ge g}
If G =2Z is the additive group of integers, then for | g| we take the usual ab-
solute value. The groups Z,=Z/pZ are of special interest. We give Z, the
quotient metric.

Let P(G) = G® P(Z). It is the group of polyhedral k-chains in E" with co-
efficients in G. The polyhedral chains of arbitrary dimension k, with the usual
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boundary operation d, form a chain complex P,(G). [For k = 0, we set 0P = 0].
If PeP(G), then P= Xgo; (finite sum), where the ; are nonoverlapping
oriented k-dimensional convex cells. Let M(g;) be the elementary k area of o;.
Then the k-area of P is

M(P) = ZlgilM(O'i)~

If k=0, o; = {x;} and M(s;) = 1. No orientation need be assigned the 0-cell g;.

If we take M(P, — P,) as the distance between P, and P,, then P,(G) be-
comes a metric space. However, this metric is too strong for most purposes
A more suitable one is provided by the Whitney flat distance W(P, — P,), where

(1.1) W(P) = inf {M(Q) + M(R): P = Q + dR}.
O,R

In this definition, Q € P(G), Re P,,+(G). If P=Q + 0R, then 0P = dQ, and
from the definition we see that W(0P) < W(P). From the definition and corre-
sponding properties of M,

W(=P) = W(P), W(P,+ P,) = W(Py) + W(P,).

To show that W defines a metric we must show that W(P) >0 if P #0.

For definiteness, let us agree that a convex k-cell ¢ is open relative to the
k-plane in which o lies, k = 1. If U is an open convex polytope in E" (finite inter-
section of open half-spaces), then 6 N U is also a convex k-cell or is empty. If
P = XYgo; is a polyhedral k-chain, then we set PN U = Xg(s, N U).

In particular, let 1<I<n and consider the family of half-spaces
Hy = {x:x' <s}.

(2.1) LeMMA. If {P;} is a sequence in Py(G) such that X5_, W(P;) < ©,
then for almost all s, X W(P;NHy) < .

Proof. By definition of W, P; =Q;+ 0R; where X[M(Q;) + M(R;)] < .
Moreover,

Pjan = anHs+Sls+a(Rjan),
where
By definition of W,
W(P;NH) = M(Q;NH,+ S;) + M(R;NH))
S M(Q)) + M(S;) + M(R)).

Let us use the elementary estimate

f ? M(S,)ds < M(R)).
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This is a very special case of a widely used estimate in the geometric theory of
measure, which will be proved for flat chains below (Theorem 5.7). Then
XM(S;) < o for almost every s, since XM(R;)< . For each such s,
XW(P;NH,) < . This proves (2.1).

Let us call an open n-dimensional interval I exceptional (relative to {P;}) if
ZW(P;NI)=oco. From Lemma (2.1), I is exceptional only when its faces lie
on hyperplanes taken from a certain null set.

Let II < E"be a k-plane. If P = Xg;0; is a polyhedral k-chain, its orthogonal
projection onto IT is P’ = Xg,0; where g; is the projection of the oriented
k-cell o;. Projection does not increase k-area and (0P)' = dP’. From these ob-
servations, if Pe P,(G) lies in a k-plane IT, then in the definition of W we may
as well assume that Q and R lie in II. But then R=0, Q =P. Hence,
M(P) = W(P) if P lies in a k-plane.

(2.2) THEOREM. If P # 0, then W(P)> 0.
Proof. Let P= Xg,0;,# 0. Suppose that W(P) =0, and apply Lemma (2.1)

with P; =P for j=1,2,---. Let I be a nonexceptional n-dimensional interval
such that P NI = g(o; NI) for some i. Then
0 # |g|M(s) = M(PNI) = W(PNI) =0,
a contradiction.
(2.3) THEOREM. M is a lower semicontinuous function on P(G).

Proof. We must show that W(P; — P) - 0 implies
2.9 M(P) < liminf M(P;).
Jjo o

It suffices to prove this for sequences such that X W(P; — P) < c. Let I be non-
exceptional with respect to the sequence {P; — P} and be such that P°=P NI
lies in some k-plane IT as in the preceding proof. Let P;’ be the projection of
P; NI onto II. Then

M(P) — P°) = W(P}— P°) < W[(P; n]) - P°],
and the right side tends to 0. Hence
(2.5) M(P°%) = lim M(P}) £ liminf M(P; N 1).
Jjoo Jj=o

Given &> 0 there exists a finite disjoint collection I,,---,I, of such intervals
such that M[P N(I; U --- UI,)] <e. From this fact and (2.5) follows formula
(2.4).

3. Flat chains. Let C,(G) be the W-completion of P, (G). The elements of
the group C,(G) are called flat chains of dimension k (or flat k-chains) and will
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be denoted by A,B,C,---. The distance between two flat k-chains 4 and B is
still denoted by W(A — B). :
If {P;} is a fundamental sequence of polyhedral k-chains, then

W(0P; — 0P;) = W[a(P;— P))] < W(P,— P)).

Hence {0P;} is a fundamental sequence of polyhedral (k—1)-chains. If P; tends
to A, then 0P; tends to a flat (k—1)-chain 04 called the boundary of A. More-
over, W(04) £ W(A). With this definition of boundary, the flat chains of ar-
bitrary dimension k =0,1,---,n form a chain complex C,(G) and the boundary
operator 0 is continuous.

By mass of a flat chain A let us mean the smallest number A such that there
is a sequence {P;} of polyhedral chains tending to A with M(P;) tending to 4
If M(P;)— oo for every such sequence, then M(A)= co. By Theorem (2.3),
M(P) agrees with its previous definition if P is a polyhedral chain. From the
definition, mass is the largest lower semicontinuous extension from P(G) to
C,(G) of the elementary k-area for polyhedra. Let

M(G) = {AeCyG): M(4) < }.

Since M(A + B) £ M(A) + M(B) and M(—A) = M(A4),M(G) is a subgroup of
C(G). The number M(A — B) is the M-distance between A,Be M,(G). When
k=n, W(A) = M(A) since this is true for polyhedral n-chains. In general,
W(A) £ M(A). When k<n the M-metric is in fact much stronger than the
W-metric. [When we mean M-convergence this will be explicitly indicated.]

(3.1) THEOREM. For every flat chain A,
W(A4) = inf {M(B)+ M(C):A = B+ dC}.
B,C
Proof. Given Be C(G), Ce Cyy4(G), with A=B+0C, let {Q;}, {R;} be
sequences in P(G) tending respectively to B,C, such that M(Q;)— M(B),
M(R;)—> M(C). Then P;=Q; + 0R; tends to A and W(P;) = M(Q;) + M(R)).
Hence, W(A4) < M(B) + M(C) for every such B,C.

On the other hand, let {P;} be a sequence in Pi(G) tending to 4 such that
ZW(Pj+y — P;) < . Choose polyhedral chains Q;,R; such that

Piy1—P;=0Q;+0R;, X [M(Q))+MR)]< o,
and polyhedral chains @/, R’ such that

P; = Q' +0R!, M(Q))+M®R)<W(P) +s¢;,
where ¢;— 0. Let

i=j
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Then A = B; + 0C;foreachj =1,2,---, and M(B)) + M(C;) < W(A) + ¢, where
¢;— 0. This proves (3.1).

It is often important to know not merely that A has finite mass but that both
A and 04 have finite mass. Let

N(4) = M(A) + M(04),
and
N(G) = {Ae C(G): N(4) < o},

Since 0’4 =0, N(0A) < N(A). The flat chains of arbitrary dimensions satis-
fying N(4) < co form a chain complex N,(G).

SurPPORTS. Let A be a flat chain and X a closed set. Then A is supported by
X if, for every open set U containing X, there is a sequence {P,} of polyhedral
chains tending to 4 such that each P; lies in U (i.e. the cells of each P; are con-
tained in U). If A is supported by X, then clearly so is 04.

If there is a smallest set X which supports 4, then X is called the support of
A and is denoted by sptA.

Let us show that spt 4 exists in case A4 is supported by some compact set X,.
Let F be the collection of all closed X < X, such that A is supported by X.
To show that F has a smallest element, it suffices to prove: (1) if F’ is any sub-
collection of F which is totally ordered by <, then X' = nx <+ X belongs to
F; and (2) XeF, YeF imply X NYeF. But (1) follows from the fact that if
U is any open set containing X', then U contains some X € F’ (otherwise the
collection of compact sets X — U,X e F’, would have the finite intersection
property, and hence nonempty intersection). To prove (2), there exist sequences
{P;},{Q;} tending to A such that sptP; < §;-nbd. of X,sptQ;< J;-nbd. of Y,
where ;- 0, and X W(P; — Q;) < co. Given an open set U containing X NY,
let Z be a figure composed of nonoverlapping intervals I, ---,I, nonexceptional
with respect to the sequence {P; — Q;} such that X, —U<ZandclZNX NY
is empty. We may choose these intervals small enough that either I, "X or
I,NYis empty for each k=1,---,p. If [, N X is empty, then P; NI, =0 for
large enough j; and if I NY is empty, then P; NI, — 0 since (P;—Q;) NI, -0
and Q; NI, =0 for large enough j. Hence

P,NZ = I P,NI,~0.
k

The sequence {P; NZ} tends to A, and P; N Z° lies in U for large enough j.
In the next section we show that if A4 is any flat chain of finite mass then spt 4
exists. However, we have not settled the question whether spt 4 exists for every
AeC(G).
Let

N:(G) = {AeN*(G): A has compact support}.
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If G is the additive group of real numbers, then N:(G) may be identified with
the chain complex of normal currents in E "in the sense of [FF]. A mass pre-
serving isomorphism between these two chain complexes is provided by requiring
that each polyhedron with real coefficients correspond to itself. This follows
from [FF, §7]. The chain complex N2(Z) corresponds to the subcomplex con-
sisting of the integral currents.

Let P= X nj0;, the n; being integers, For geG let gP= X n,go;. If
P;— Te C,(Z), then gP; tends to a limit denoted by g7T.

4. Flat chains of finite mass. Let A be a flat chain such that M(4) < co.
With A is associated a measure u,, and with every p,-measurable set X < E"
a flat chain 4 N X such that p(X) = M(4 N X). This can be done in the fol-
lowing way. Let {P;} be a sequence of polyhedral chains tending to A such that
M(P;)— M(A). For j =1,2,--- let u; be the measure determined by the property
ui(I)=M(P;NI) if I is any open n-dimensional interval. Then uiE") = M(P;)
is bounded. By taking subsequences we may assume that XW(P;,, — P;) <co
and that p; tends weakly to a limit. The limit measure is p,. It will turn out that
K4 is the same for all such sequences {P,}.

In this section let us call an n-dimensional interval I exceptional if either
2 W[(Pj+1—P)NnI]=oor pyfrI)>0. If I is nonexceptional, then the
sequence {P; NI } tends to a limit, denoted by A NI. Moreover, since
pafrD) = 0, pI)— py(I) and pi(I€) > p (I°).

(4.1) LeMMA. If I is nonexceptional, then M(ANI) = p,(I), M(A—ANI)
= pu (I°).

Proof. Since P;NI—->ANI and P;—P;NI—-A—-ANI, we have by
lower semicontinuity of mass M(4A NI) < u,(I) and M(A— ANI) £ p(I°). But

Ba) + pa(I9) = py(E") = M(A) = M(AND + MA—-AND),

which proves (4.1).

Next if X =1, U --- UI,, where the intervals I, are nonoverlapping and non-
exceptional, then we set ANX = XA NI,. Applying Lemma (4.1) repeatedly,
we find that

MANX) = IZ:I ral) = py(X),

MA—-ANX) = p(X5).

Any p,-measurable set X is the limit in pu,-measure of a sequence {X;} of figures
of the above type. Then 4 N X is defined as the M-limit of the sequence {4 N X ;}.
The set function 4 N- so defined (with values in M,(G)) is countably additive,
and M(4 N X) = p,(X) for every u,-measurable X .
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If {P}} is another sequence of polyhedral chains which has the above properties
and tends to 4, then by taking subsequences we may assume that X W(P; — P ;) < 00,
Except for intervals I whose faces lie on hyperplanes of a certain null set, P; N1
and P; NI tend to the same limit by (2.1). It follows that p, and 4 N+ do not
depend on the particular sequence {P,} used in their definition.

Note. If P;—A,M(P)) is bounded (but not necessarily M(P,) - M(4)),
then fi; tends weakly to a measure ji for a subsequence. By lower semicontinuity
of mass,

Ay = lim (D) = A0
jo o
for each I such that fi(fr])=0 and P;NI—>ANI. Since the intervals with
these two properties are dense, fi = py,.

(4.2) LeMMA. Let P;— A and M(P;) > M(A) < . Then P,NX->ANX
Jor every set X such that p(frX)=0.

Proof. By taking subsequences it suffices to prove this for sequences such
that X W(P;+4 — P;) < co. Given &> 0 there is a figure Y< X which is the
finite union of nonexceptional intervals, such that u (X — Y) <¢/2. Then

WANX-P;NX)SWANY—-P;,NY)+M[AN(X-Y)]+ M[P;n(X-Y)].

But P,NY->ANY, and p(X —Y)->p (X —Y) since p, [fr(X — Y)]=0.
Hence W(ANX — P; N X)<e for all sufficiently large j, which proves (4.2).

Note. If {A4;} is any sequence of flat chains tending to A such that
M(A;)—> M(A4) < oo and X is as in (4.2), then 4;NX —>ANX. The proof is
the same as for sequences of polyhedra provided one uses (5.7) below instead
of the special case of it used in §2.

The measure pu, has a support, which is the smallest closed set whose comple-
ment is p,-null.

(4.3) THEOREM. If M(A) < o, then sptA =sptpu,.

Proof. Let {P;} be as in the definition of u4, and let U be any open set con-
taining sptu,. Then M(P;NU)=p (U°)—>0, and hence P;NU - A. For
each cell o of P;, let us replace ¢ N U by a good enough polyhedral approxima-
tion to it contained in ¢ N U . This gives a sequence {P}} lying in U and tending
to A. Hence A has support contained in sptyu,.

On the other hand, let A have support contained in X. If xespty, — X,
then there exists a sequence {P;} tending to 4 and an interval I containing x
such that ,NI=0, (P,—P)NI=P,NI->0, P,NI > ANI. Then
ANI=0, contrary to the fact that x e spt u,. Hence, sptu, < X, which proves
4.3).
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5. Lipschitz maps. Let U < E" be open and let C,(G, U) be the subcomplex
of C,(G) consisting of all 4 such that A4 is the limit of a sequence of polyhedral
chains lying in U. Let f be Lipschitz from U into an open set V< E™. Then f
induces a chain map f, from C,(G;U) into C,(G;V) in the following way. If
o is an oriented convex k-cell then f,o is an integral flat k-chain, defined in
[FF, §3] by approximating f by smooth functions (and in [W, p. 297] by ap-
proximating f by piecewise-linear functions). If P= X go; is a polyhedral
chain lying in U, then we set f,P = X g,f40;. Let A be a Lipschitz constant
for f. Then

(.1 M[f4P] £ 2M(P),

since this estimate is true when P is a k-cell. If P = Q4 JdR, then
f+P = f4Q + 0f4R, and hence

W(f4P) £ A*M(Q) + 2**'M(R).
Since this is true for every such Q and R,
(5.2) W(f,P) < max(Z, 2"y w(P).

A flat chain of the form f,P is called a Lipschitz chain, and a chain of class
CW if fis of class CV.

Let {P,} be a sequence of polyhedral chains lying in U and tending to 4.
Applying (5.2) to P, — P; and using the fact that f,(P; — P;) =f,P; — f.P;, we
see that the sequence {f4P;} is fundamental. Its limit is fA. This defines f,,
which is a chain map. If 4 has support contained in X < U, then f, 4 has support
contained in clf(X). The estimates (5.1), (5.2) remain true if instead of P we
put A. If ¢ is Lipschitz from V into W, then (¢ of),P = ¢4[f,P] for every
polyhedral chain P lying in U. The same is then true for every A e C,(G;U),
i€, (of)e = sty

It will be useful to reduce certain statements to the case of flat chains with
compact supports. For this purpose let us consider the following functions f,.
Let || x| =max{|x*|,---,|x"|}, and for each r>0 let

fi(x) = x, if "x" <r,

= |x|'rx if |x]>r.
Since f, does not increase euclidean distance, by (5.1) M(f,.A4) < M(4). If P
is a polyhedral chain, then f,,P is a polyhedral chain. If A has support in the

n-cube K, =f,(E"), then it is easy to show that there is a sequence {P;} lying
in K, and tending to A4; hence f, ;A = A.

(5.3) LeMMA. For every Ae C(G), f,zA—> A as r— . If M(A) < oo, then
the convergence is in the M-metric.
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Proof. First suppose that M(4) < . Since f,,(ANK,)=ANK,,
fied—4 = fiu(ANK) - ANK],
M[fis4—A] £ 2M(4 NK7),

which tends to 0 as r —» 0o, In the general case, A = B — 0C where M(B) < o,
M(C) < . Since f,4 is a chain map, f,,4=/f,,B+ 3df,,C. and we apply to
B and C what has already been proved.

(5.4) LemMA: Let PePy(G) satisfy 0P=0, W(P)<e, and sptP<K,.
Then there exists a polyhedral (k + 1)-chain R such that P =0R, sptR< K,,
and

rnt/?
<
M) = (1 + s 1)8'

Proof. By definition of W, P =Q + 0R; where M(Q) + M(R,) <é&. By re-
placing Q,R; by f,40, f,4R,;, we may assume that sptQ < K,, sptR; < K,.
Let R =R, +0Q, where 0Q is the cone on Q with vertex 0. This proves (5.4).

In the next section we define the cone 04 when A has compact support. Then
(5.4) generalizes to flat cycles with compact support.

Using these lemmas let us deduce two results which are useful later.

{(5.5) THEOREM. Let M(A) < . Then given ¢ >0 there exists A, such that
M(A—-A4,)) <s,sptA, is compact, and 0A, is a polyhedral (k—1)-chain.

Proof. By (5.3) we may assume that spt4 < K, for some r. Let P;—> A4,
Y M(Rj) < . Let

for j large enough that X2 ;M(R,) <e&. Then 04,=0P; and M(4 — 4,) <e.
Since 4, NJ(G), (5.5) implies that NJ(G) is M-dense in M,(G).

(5.6) THEOREM. For every Ae C(G) there exists a sequence {P;} of poly-
hedral k-chains tending to A such that M(P;)—> M(4), M(OP;)— M(04). If
0A is a polyhedral (k— 1)-chain, then we may arrange that 0P; = 84 for every
j = 152’ ftt.

Proof. Let us proceed in three steps.

Step 1. Let A have compact support, and let 04 be polyhedral. Choose r
large enough that spt 4 < K,. Let {P;} bz a sequence of polyhedral chains tend-
ing to A such that M(P;) - M(A)and spt P; < K,. Since W(0P;—0A4) < W(P;—A),
which tends to 0, there exist by (5.4) polyhedral chains R; lying in K, such that
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Let P, = P, —R,.

Step 2. Let sptA be compact. Choose K, and {P;} as in Step 1. Applying
Step 1 to the cycle 04, there is a sequence {Q;} of polyhedral (k—1)-cycles tending
to 04 such that M(Q;) - M(0A4) and sptQ; < K,. Since 6P; » 04, W(OP;—Q;)—0.
By (5.4) there exist polyhedral chains R; such that

Again let P; = P;—R;.

Step 3. If sptdA is not compact, for each r>0 let 4, =f.,A. Then
A,— A,M(A4,) = M(4),M(0A,) £ M(0A). Since mass is lower semicontinuous,
M(4,) > M(A),M(0A,) —» M(0A4) as r— co. We appeal to Step 2.

Note. In §7 we shall find that, at least in some instances, one can in addition
arrange the convergence of spt 1~’j to spt 4 and spt 6Pj to sptdA. See the remarks
following (7.7).

Using (5.6) let us next prove an inequality corresponding to the Eilenberg
inequality for Hausdorff measure.

(5.7) THEOREM. Let F be a real-valued Lipschitz function on E",¢ a Lip-
schitz constant for F, and X, = {x:F(x) <s}, Y, = {x:F(x) =s}. Let Ae N,(G)
and

B, = (ANX,)—(@A)NX,.

Then for almost all s, ANX,eN,_(G) and sptB,<Y,. Moreover, if
—o0=La<b< + w, then

[ mwis < emrancx, -~ x)

Proof. If A is an oriented k-cell o, this is a special case of [FF, 3.10]. By
addition the theorem is true for polyhedral k-chains. Let P; be as in (5.6), and

Let A = {s:p(Y)=p,4(Y;) =0}. Then A is a countable set and by (4.2)
PinX,»ANnX,, 0P)NX,~»04)NX,

for seA. Since 0 is continuous B;,— B, for each seA. Since sptB; < Y,
sptB, < Y;, for seA. Moreover, for seA, A NX, > AN X, and
(@A NX,»(0A)NX, as t—>s (in fact, in the M-metric). Hence B,— B, as
t—s. Since mass is lower semicontinuous, M(B,) is a lower semicontinuous
function of s except perhaps on the countable set A°. Whenever M(B,) < o0,
AN X eN,_(G). It suffices to assume that a,be A. Since for each j=1,2,---
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b
[ MeB,)ds < L7 06, - 301,

Theorem (5.7) now follows from Fatou’s lemma and lower semicontinuity of M.
An important particular case of (5.7) occurs when (0A) N X, =0fora<s=<b.
Then B,=d(ANX,).

6. Cartesian products, linear homotopies. It is not possible to give a satisfactory
definition of the cartesian product A x B of two arbitrary flat chains. However,
this can be done in either of the following two cases: (1) either N(A4) < co or
N(B) < o0 ; or (2) both M(A4) < oo and M(B) < . The proof is based on the
following inequality (6.1).

Let P be a polyhedral k-chain in E” and Q a polyhedral I-chain in E™ Their
cartesian product P x Q is a polyhedral (k + I)-chain E"*™=E" x E™
If (k+1)<n, then M(P x Q) = M(P)M(Q); otherwise, P x Q =0. Moreover,

(P x Q) = (0P) x Q + (—1)*P x 0Q.
Let us show that
(6.1) W(P x Q) = N(P)W(Q).
Let Q =R + 0S, where R and S are polyhedral chains. Then
P x 08 +[(@P)x S—o(P x S)],

W(P x 0S) £ M[(0P) x S]+ M(P x S) £ N(P)M(S),

WP x Q) < W(P x R)+ W(P x 0S)
M(P)M(R) + N(P)M(S)
N(P)[M(R) + M(S)].

Since this is true for every such R, S, we get (6.1).
The cartesian product 4 x B is now defined for 4 e N,(G), Be C(G) as fol-
lows. First of all, if P; tends to A then for any polyhedral I-chain Q,

W[(P;— P)) x Q] < W(P;— P))N(Q).
The limit of the fundamental sequence {P; x Q} is A x Q. By (5.6) we may
arrange that N(P;) > N(A4), and then (6.1) still holds with A4 in place of P. If
Q; tends to B, then

WA x (i — Q)] S N(AW(Q; - Q)),

and A4 x B is the limit of the fundamental sequence {4 x Q;}. The operation
x is bilinear and

6.2) d(A x B) = (04) x B+ (—1)*4 x (0B).

IAIAHA

IA
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Moreover, M(A x B) < M(A)M(B) and W(A4 x B) < N(A)W(B).
If M(4) < oo and M(B) < 0, then by (5.5) there is a sequence {4;} such that
N(4;) < o for each j=1,2,--- and M(4; — A) tends to 0. Then

M[(4;~ 4,) x B] < M(A4; — A)M(B),

and A4 x B is the M-limit of the sequence {4; x B}.

Linear homotopies. Let f and g be Lipschitz from an open set U into a bounded
subset of E™, and let h(t,x) = (1 — ) f(x) + tg(x),0 =t < 1. Let I be the interval
[0,1], regarded as a polyhedral 1-chain. Then

(6.3) guA—foA = 0 (I x A)+ hy(I x 04),

since this is true when 4 is a polyhedral chain. By the same discussion as in [FF,
pp. 466, 468] one can prove the following estimates. Let |Df(x)| < y(x),
| Dg(x)| < ¥(x), where ¥ is continuous on U and Df denotes the differential.
If M(4) < oo, then

(6.4) M[f,A] < f Vg,
65) MIhy(I x 4)] < f | — | Wrdus,
6.6) Mlgad —foAl<2 f W

where Uy = {x € U:f(x) # g(x)} . In particular, if f(x) = g(x) for every x espt4,
then f,A = g,A when M(4) < c©.

(6.7) LemMA. Let X be a compact Lipschitz neighborhood retract such
that X has zero Hausdorff k-measure. If M(A)< 0 and sptA< X, then
A=0.

Proof. By assumption there exist U open with X < U, and f Lipschitz from
U onto X such that f(x) =x for xe X. If ¢ is any convex k-cell lying in U,
then f,o = 0 [FF, p. 500]. Let {P;} be a sequence of polyhedral k-chains lying
in U and tending to A. Then f4P; =0, f,A= A, and f,P;~>f,A. Hence 4 =0.

Cones. Let xo€E" and let h(t,x) = (1 — t)x, + tx. If A has compact support,
then h,(I x A) is defined. It is called the cone on A with vertex x, and is denoted

by xo4. If k>0, then from (6.3) and (6.7)
A = 0xg4 + x40A.
From (6.5), if | x — xo| < for every x espt A, then [FF, p. 509]

,
M(xod) S 7 M(4).
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7. A deformation theorem. Except for Lemma (7.8) which is new, all of the
results of this section have counterparts in [FF]. In most instances the proofs
are virtually the same as in [FF]. However, the proof of (7.2) differs from that
for its counterpart [FF, 3.14].

(7.1) LEeMMA. Let A be a flat O-chain such that M(A) < c© and sptA is a
finite set. Then A is polyhedral;i.e. A = Xg{x;} where x,---,x,, are the points
of sptA.

From the proof of (4.3) there is a sequence P; of polyhedral O-chains tending
to 4 such that M(P;)— M(A) and sptP; < 6;-neighborhood of spt4, where
6;—0. The proof of (7.1) is then left to the reader.

By e-cubical grid yx let us mean a cell complex subdividing E", composed of
of cubes of side length 2¢. Let X, be the k-skeleton of y, X« X, < - = X, = E".

(7.2) LeMMA. Let A€ NQ(G) be such that sptA< X, ,spt0A< X,_;. Then
A is a polyhedral chain of the grid .

Proof. (by induction on k). For k=0 this follows from (7.1). Assume that
the lemma is true in dimension k — 1. Let ¢ be a k-cube of X,. By (5.7) there is
a sequence of k-cubes ¢, < g, < --- with union ¢ such that N(4 Na;) < oo for
each i and sptd(4 Na;) < 6;, where 6; is the frontier of o; relative to . By the
induction hypothesis, d(4 N¢;) is a polyhedral (k—1)-chain, and hence from
topology (4 N ;) = g,00; for some g;e G. By (5.6) there is a sequence P; tend-
ing to A Ng; such that OP; = g,00;. Let P; be the projection of P; onto the
k-plane of ¢. Then P;— A No; and from topology P;j= g5;. Hence 4 No;
= g,0;. It follows that g; = g is independent of i, and then that A No = go.
Since this is true for each such o, 4 is a polyhedral chain of yx.

(7.3) DEFORMATION THEOREM. There exists a positive number ¢ = c(k,n)
with the following property. Given A€ N2(G) and & > 0 there exist an e-cubical
grid y, a polyhedral k-chain P of x and Be NX(G), Ce N, (G), such that:
(1) A=P+B+0C;
(2) M(P) = [M(4)+eM(04)],
M(OP) £ cM(0A4), M(B) < ceM(04),
M(C) £ ceM(A);

(3) (sptP)U(sptC) < 2ne-nbd. of sptAd,
(sptdP) U (spt B) = 2ng¢-nbd. of sptdA;

(4) if A is a Lipschitz chain, then B and C are Lipschitz chains;

if A is a polyhedral chain, then B and C are polyhedral chains.

Note that (2) implies W(A — P) < ceN(A). This theorem can be proved by
precisely the same construction used for the corresponding result [FF, 5.5] about
normal currents. Therefore, we omit the proof. For our purposes it would actually
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suffice to know (7.3) when A is a Lipschitz chain (or even when A4 is polyhedral).
The discussion on [FF, §4] of u-admissible maps could then be avoided. More-
over, (7.3) can be deduced from the case when A is polyhedral by passage to
the limit, at least when G is a countable discrete group with property (H), stated
below. This follows from (7.4) and an extension of (5.6). See the remark follow-
ing the proof of (7.7). The counterpart of the statement in (4) about polyhedral
chains is not explicitly stated in [FF, 5.5]. However, it follows from the ob-
servation [FF, p. 478] that the deformations used in the proof are merely com-
posites of successive central projections of cubes onto their boundaries.

Let us now list some important consequences of (7.3). For this purpose the
following additional assumptions are made about G:

(H) Forevery M >0, {g:|g| < M} is compact. If G is discrete, then | g| 2 1
for every geG.

(7.4) LEMMA. Let G satisfy (H). Let ¢ >0, K < E" be compact, and let T’
be a set of flat k-chains such that N(A) < q and sptA< K for every Ael.
Then T is totally bounded.

Proof. Let K’ be a n-cube containing K in its interior. For each ¢ >0 let
I';={P:N(P)<2cq,sptP< K’, P is a polyhedral chain of some e-cubical
grid}. Then I, is totally bounded, and for small ¢, I" is contained in the ceg-
neighborhood of I';. This implies that I" is totally bounded.

(7.5) CorOLLARY. Using the notation of (1.4), {Ae N(G):N(4)<q, sptA=K}
is compact.

Proof. This set of flat chains is closed, and hence compact by (7.4).

(7.6) (Isoperimetric inequality). Let G be a discrete group satisfying (H).
Then there exists a positive number b = b(k,n) with the following property.
If AcNQ(G) and 0A =0, then there exists Ce N (G) such that A=0dC
and M(C) £ bM(A)**+V/k |

Proof. Choose & so that &¢“=cM(A4). Let A=P+dC as in (7.3). Then
M(P) £ &, while since | g| > 1 for every g # 0, the least mass of any nonzero
polyhedral k-chain of an e-grid is (2¢)*. Hence P=0. Then 4=0C and
M(C) £ bM(A)** V% where b = c** 1% This proves (7.6).

More generally, a relative isoperimetric inequality like [ FF, 6.1] can be proved.

From (4) of (7.3) and the proof of (7.6) we may assume that C is a Lipschitz
(polyhedral) chain if A4 is a Lipschitz (polyhedral) chain. By (3) of (7.3) we may
assume that spt C < 2ne-nbd. of spt A, where ¢ is small if M(A) is small.

The next lemma is included for sake of completeness, but will not be used
in later sections.

(7.7) LemMA. Let G be a discrete group satisfying (H), and let X be com-
pact. Then given 6 >0 and a sequence {Q;} of polyhedral cycles such that



1966] FLAT CHAINS OVER A FINITE COEFFICIENT GROUP 175

sptQ; = X, j=1,2,--,W(Q;) >0, there is a sequence {R;} of polyhedral
chains such that 0R; = Q;, M(R;)— 0, and sptR;< é-nbd. of X for all suf-
ficiently large j.

Proof. By (5.4), Q; = 0R; where M(R})—0. Let Y be a figure (finite union
of open n-cubes) such that X< Yandclye (6/2)-nbd. of X. Let f(x) = | || -dis-
tance from x to Y, where ” || is asin §5. By (5.7) there exist s;€(0, 6/2) such
that, writing R/= R/ N{x:f(x) <s;}, M(OR]— Q;)—0. Moreover, R/is a poly-
hedral chain. By (7.6) 0R; — Q; = 0S;, where M(S;)—0, sptS;<=(J/2)-nbd. of
{x:f(x) =s;} for sufficiently large j, and S; is polyhedral. Let R; = R} — S;.
This proves (7.7).

Let Ae NX(G). In the proof of (5.6) we may assume that spt P;< é;-nbd. of
sptA, where 6;— 0. Using (7.7) we can then arrange in the proof of (5.6) that

sptR; < §;-nbd. of spt4
sptQ; < dj-nbd. of sptdA,

where 6;/— 0. Therefore, if G is a discrete group satisfying (H), then in (5.6)
we may arrange that sptP; tends to sptA and sptOP; tends to sptdA in the
Hausdorff distance on the space of compact subsets of E".

(7.8) LEMMA. Let G be compact. Then given a compact set K and ¢ >0
there exists a positive number y = y(¢,K, k,n,G) with the following property.
If AeN)G), sptA< K, and 0A =0, then there exists Ce N{, (G) such that
0C = A and M(C) £y + ceM(A).

Proof. Let A =P + 0C as in (7.3). Then P is a polyhedral chain of an e-grid,
and lies in the 2ne-neighborhood K’ of the compact set K. Since G is compact
M(P)is bounded by some number y’. Let y=y'r /(k+1) where r =max{ [xl xeK'},
and let €=0P + C. This proves (7.8).

Finally, let X and Y be local Lipschitz neighborhood retracts with Y< X.
Let N(G,X) be the chain complex of those 4 N2(G) with spt4A < X, and let
N2(G,Y) be the subcomplex of those A€ N 2(G) with sptA < Y. Then the homo-
logy groups of N:(G, X) /Ni(G, Y) are isomorphic with the singular homology
groups of (X,Y), with coefficients in G. This follows from the deformation
theorem just as in [FF, 5.11].

8. Estimates on densities. Let A be a flat k-chain of finite mass, k > 0. Let
S(x,r) ={y:|y — x| = r}, and for brevity set

u(x,r) = py[S(x,r].

Let a(k) denote the k-measure of a spherical k-disk of radius 1. The lower and
upper k-densities of 4 at a point x are
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o pnr) e px,r)
Dy (x) = h,r_rf;?f T Di(x) = hrrgos:lp (e

In order to obtain estimates on these densities, let us first show that near
uq-almost every point, 4 has nearly minimum mass. To be more precise, let

v(x,r) = inf{M(B):0B = J[A N S(x,r)]}.

Obviously, v(x,r) < u(x,r). Equality holds if and only if A N S(x,r) is a solu-
tion of the Plateau problem (i.e. problem of least mass with given boundary).

(8.1) LeMMA. For p,-almost every x,

. v(x,r)
lim =
rao+ H(X,T)

Proof. Suppose not. Then there exist 6 > 0, a set X of positive u,-measure
and a Vitali covering of X by spherical n-balls S(x, r) such that v(x, r) <(1 —d)u(x,r).
Let ¢>0. By a covering theorem of Besicovitch [B] there exists a countable
disjoint family of such balls S(x;,r;) of diameter <& covering u.-almost all of
X. Let A;,=ANS(x;,r), and let B; be such that

0B; = 04;, spt B;< S(x;,r)) ,
M@B) <(1—-06)M(4).

Then B; — A, is a cycle, and bounds the cone x,(B; — 4;). Hence

2¢
— A. (B.— ANl < ———— A
W(B; — A) < M[x(B; — 4)] = Tri w(x;,r).

Let
A)=A— X A4, + TB;=AN (US(x,-,r,-))‘ - X B.
i i i i
Then
M[A(®)] = M(4) — X M(4) + X M(B)
< M(4) =5 2 plxi,r) < M(4) = Sp,(X).
Since '

2¢
W[A(e) — 4] = ? W(B;— A4) = rrl M(4),

A(s) > A as ¢ > 0%, This contradicts lower semicontinuity of mass.
In the next lemma choose ¢, < 1/4ck, where c is the constant in (7.3). Let
{ =4y [a(k) where y is as in (7.8) with e =¢,,K = S(0,1).

(8.2) LeMMA. Let G be compact, Ae N(G), and x¢sptdod. If
r, < dist(x,sptdd) and u(x,r) < 2v(x,r) for O<r=r,, then

Di(x) < max {{, u(x,r,) Ja(k)r} .
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Proof. Let I(x,r) = M[d(4 NS(x,r))]. By (5.7), I(x,r) < p'(x,r) for almost
every re(0,r;), where ' means d/dr. Moreover, by (7.8)

v(x,7) <yt cgol(x, 1)
rk - rk—l

for 0 < r <r,. Suppose that { < Df(x). Given 7 such that { < 5 < D}(x) choose
ro such that 0 <ry <r, and u(x,r,) > na(k)rs. Let J be the largest interval
contained in [ro,r;] such that u(x,r)=na(k)r* for every reJ. Since
{<n,y=ak), /4, and | < y’, we find that

ku(x,r) <rp'(x,r),

and consequently (r *u)’ >0, for almost every reJ. Since p is increasing,
: k k
o< [ Gwds s 7wl

and hence r~*u is increasing on J. This implies that J = [ro,r:], and since
n is arbitrary (8.2) follows.

(8.3) Let G beadiscrete group satisfying (H). Then there exists A = A(k,n) > 0
with the following property. If Ae N(G), x ¢ spt 04, and lim,_, o+ v(x, r)/pu(x,r)=1,
then Dy(x)= 4.

Proof. By the isoperimetric inequality (7.6),

v(x,r) £ b[I(x,r)]* D

for r < dist(x,sptdA), where b = b(k — 1,n) and I(x,r) is as above. If r, is as
(8.2), then for r<r,

px,r) S 2b[p'(x, 1)V,

, 1 - , o (2p) Rk
™y = K =17k )y gg__)_k___.

Let A=k %2b)! “*/a(k). By (6.7), u(x,0) =0 and we have

W%nzj@@@gmmww,
0

for 0 <r <r,. This proves (8.3).

If G is a finite group, then from these lemmas A < D, (x) < D{(x) < oo for
uy-almost every x¢sptoA.

9. Rectifiable chains. In the remainder of the paper let us assume that G is a
finite group. Except for those places where (8.2) is used, one can equally well
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let G be a countable discrete group such that {g: l g| < M} is finite for each M
(assumption (H)). Without loss of generality, we may assume that |g| =1 for
every g #0.

DerINITION. A flat chain A is rectifiable if for every ¢ > 0O there exists a Lip-
schitz chain B such that M(4 — B) <e.

Let R(G) denote the set of all rectifiable k-chains in E". Then R,(G) is a group,
which is M-closed. The group R,(Z) corresponds precisely to the group of rec-
tifiable currents in [FF, 3.7], and R,(Z,) to the group of rectifiable classes in
[z, §3].

If k=0, then M(A4) < co implies that A is a polyhedral O-chain. In the re-
mainder of the section we let k > 0.

(9.1) LemMA. Let AeRy_,(G) have compact support. Then the cone 0A
is rectifiable.

Proof. Let sptA < S(0,r). In the definition above we may assume that
spt B < S(0,r). Moreover, OB is a Lipschitz chain, and 04 — 0B = 0(4 — B).
Then

M(0A — 0B) < £M(A —-B),

and the right side can be made arbitrarily small.

Following [F] let us call a set X < E" (u, k)-rectifiable if for every ¢>0 there
exists a Borel set F < E*and f Lipschitz from F into E"such that u(X —f(F)) < ¢.
In place of E* we may equally well assume that F is contained in a finite union
of k-planes. If A is a rectifiable k-chain, then E" is (u4, k)-rectifiable. To show
this, let B = f,, P be a Lipschitz chain such that M(4 — B) < ¢, and let Y = f(spt P).
Let P;j—» A, M(P;)— M(4), and Q;— B, sptQ; < (6;-neighborhood of Y),
where P;,Q; are polyhedral chains and 6;— 0. Then

(A-B)NI = lim (P,— Q)NI =lim P,nI = ANI
J j

for a dense set of intervals I < Y°. It follows that pu,_g(Z) = pu,(Z) when
Z< Y°. In particular,

pa(Y) = py-p(Y) S M(A—B) = e,

showing that E"is (g, k)-rectifiable.

The main object of this section is to show that, conversely, if E" is (uy, k)-
rectifiable, then A is rectifiable, under an additional restriction on A (see (9.4)
below).

Let us adopt the following notation: IT denotes a k-plane containing 0, and
for 6 >0, IT° = {x:dist(x,IT) > 6}. Let S, =S(0,1), D=TII NS,. The k-disk
D is assigned an orientation.
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(9.2) LEMMA. Given ¢ >0, g > 0 there exists >0 with the following prop-
erty' If SptA < SO H Spt A< fr SO H N(A) é q, ﬂA(na) < 5’ ”aA(na) < 5,
then there exists ge G such that W(A — gD) <e.

Proof. Suppose not. Then there exist ¢, >0, go >0 and a sequence {4;}
such that W(A4; — gD) 2 ¢, for every ge G, while N(4;) < q, and

ﬂA,(U) -0, #eA,(V) -0

for every closed set U such that U N D is empty and closed set ¥ such that VN D
is empty, D being the frontier of D relative to IT. By (7.5) a subsequence tends
to a limit 4,, and spt4, < D, sptdd, < D. From (5.7) and (7.2), there exists
8o € G such that A, N o = gyo for any k-cube 0 = D. Hence 4, = g,D, a contra-
diction since W(A4; — A,)— 0 as j— co through a subsequence.

For any Ae N,(G), let

X, = {x esptd — sptdd; A £ Dy(x) £ DE(x) < oo, lim  v(x,r) [u(x,r) = 1} .
r-0+

In the next lemma let us for brevity set 4, = A NS(x,r), Y,=YNS(x,r).

(9.3) LeMMA. Let xeX,, and Y be an oriented (regular, proper) k-sub-
manifold of E" of class C* such that

lim r~%,[S(x,r) - Y] = 0.
r-0*

hen there exists g€ G such that

lim r~*M(4, - g¥,) = 0.
r—0*
Proof. We may take x = 0. By making a suitable diffeomorphism of a neigh-
borhood of 0 we may assume that Y is a k-plane II. Given r > 0 let

Tr(.V) = "—I.V» A;k = tr#Ar'

We must find ge G such that M(4¥ — gD)— 0, where D =II NS, as above.
Let us divide the proof into two steps.

Step 1. Let 0 <n <a(k)/2. Let us find, for each sufficiently small r,,ge G
such that W(4) — gD) <n for all r in some neighborhood (s,£) of 7.

Let Q = max {| g|: g€ G}; and let ¢ > 0 be small enough that ¢ < 1 and if we
set 0 =¢'/2, then

Qa(k)[(:%gé)k— 1] + (2 + %) (fl—_if—o)k < g

Let g =2Df(0)a(k) [1 + 207 '(1 + 0)*], and 6 as in (9.2). Let r, be small enough
that 2ry < dist(0,sptd4) and for 0 < r < 2r,,
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M(4,) < 2D;(0)a(k)r*,
2M(4, N TI) < 5(1 + 6) 4+,
w(0,7) — v(0,r) < er*.
Let r =r¢(1 + 6). From (5.7)

f " M(0A)ds < M(4,),

f' M[(04,) NIT°]ds < M(4, NIT).
ro
Hence there exists se(rg,r) such that
M(94,) < 2rg ' 07'M(4,) < 4D; O)x(k)0 ™ '(1 + 6)rg ™%,
M[(0A) NTIT] < 2r3 07 'M(A4, NTT°) < 6r~ 1.
Moreover,
M(4,) £ 2D (0)a(k)s",
M(A, NII°) < 8s*.
Since A satisfies the hypotheses of (9.2), there exists g€ G and B*, C* such that
A} = gD + B* + 9C*,
M(B*) + M(C*) <.
[For present purposes we can replace IT° by I1¢in (9.2.)] In particular, since e <7/2,
W(AY —gD)<n/2.
Let B=(7,'),B*, C=(z;'),C*. Then
A, = gD, +B+0C,
s*"M(B) + s ¥ 'M(C) < s.
For t<s
A, = gD, + B, + E,+0C,,

where as usual B, =B N S(0,7), C,=C NS(0,t), while E,=(3C),— dC,. By
6.7

[ " MBI < M(O).

-20s
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Hence, there exists t e (s — 20s,s — 0s) such that

M(E) £ 0™ 's™'M(C) < &'/3s*

since 0 =¢!'/?

. Since s — 0s < rq,(t,5) is a neighborhood of ry. If t <r < s, then
M(A; — 4,) = w(©0,5) — u(O,r) = u(0,s) — uO,1)
Let us estimate the term on the right side. Since
0A, = )[g(D,— D)+ B—B,—E, + 4],
we find that
#(O,s) — es* < ¥(0,s) < | g| M(D, — D,) + M(B) + M(B,) + M(E,) + u(0,t),
(0, 5) — p(0, 1) < Qa(k)(s* — t*) + (2 + &'/*)s* < t*y /2.

Hence, M(4, — 4,) <nt*|2. Let fy) =y if |y| =1, f») =|y| "y if |y|>1.
Then

A: - A: = f#Tr#(As - Ar)’
M(AT — A7) S M[z,4(4, = A)] S 7 2 <1 2.
Therefore,
W(A} — gD) < M(A7 — A7) + W(4; — gD) <.

Step 2. For each ry, the element g in Step 1 is unique. For if

W(A¥ — g'D)<n and g’ # g, then
a(k) < |g' — g| M(D) = W[(g' — g)D] <219
contrary to choice of 5. The same reasoning shows that g does not in fact depend
on ro. Hence, W(4,— gD)—0 as r—0"*,

Let p denote the orthogonal projection of E" onto II,p(y)=y’ if
y=y' +y", y'ell, y"ell*. By assumption, M(4,NII)->0, and since
P#(47 NI) = AF NI,

M(A] — pgAY) = M[ A4 NTI° — py(47 NTI%)] - 0.
Moreover,

M(p4 A} — gD) = W(p4A*— gD) < W(A,*— gD),
which tends to 0. Hence, M(4,* — gD)— 0, completing the proof of (9.3).

(9.4) THEOREM. Let G be a finite group. If Ae N\(G), p(sptdd) =0, and
E" is a (uy, k)-rectifiable set, then A is rectifiable.

Proof. By §8, 1,(X)=0. Since E"is (u,, k)-rectifiable, for u,-almost every x € X,
there exists a k-submanifold Y(x) such that the hypotheses of (9.3) are satisfied.
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Using a covering theorem [B], given ¢ > 0 there exists disjoint spherical balls
S(x;,r;), i=1,---,p and g;e G such that

M[A(xi’ "i) - g;Y(xi» "i)] < .Z_M%A_)”A(x"’ ),
M(A— T A(x;, 1)) < j—,,

where A(x,r) = A N S(x,r), Y(x,r) = Y(x) NS(x,r), x,€ X,. Then Xg, Y(x;r)
is rectifiable and
MA - X gY(x;,r)) <e.

Since the group R, (G) of rectifiable k-chains is M-closed, 4 € R,(G).

10. Main theorem. In this final section we shall prove the following main
result, announced in the introduction.

(10.1) THEOREM. Let G be a finite group. Then every flat chain A of finite
mass is rectifiable.

We may assume that k > 0, since if k =0 then A4 is a polyhedral 0-chain (see
beginning of §9). Since the group R,(G) of rectifiable k-chains is M-closed, it
suffices by (5.5) to prove the theorem when 04 is a polyhedral (k—1)-chain. By
(9.4) it then suffices to prove that E" is a (u,, k)-rectifiable set.

If IT is a k-plane containing 0, let X denote the orthogonal projection of
a set X < E"onto II. Let H, denote Hausdorff k-measure. By (8.2), (8,3), and
results of Federer [F, §4 and 8.7], to prove that E" is (uy, k)-rectifiable it suffices
to show that there is no set X such that p,(X)>0 and H,(X)=0 for almost all II.

In order to prove that there is no such X, let us first prove four lemmas. As
in §9 let S, =S5(0,1), C,=CNS(0,p). Let B,=0C, — (9C),, as in (5.7).

(10.2) LemmMa. Let CeN(G), sptC< S,. Let 5(C) = M(C)— [¢ M(B,)dp.
Then

W(C - 00C) < [2M(C)8(C)]"* [(k + 1).

Proof. Suppose first that C is a polyhedral chain. For any x # 0 lying in a

cell ¢ of C, let 6(x) be the angle between x and the k-plane II(x) through O parallel

to o [cosf(x) = |v(x)|, where v(x) is the component in TI(x) of the unit vector
| x]7'x]. It is elementary that

1
o1 .
MOO) £ fs [x]sin 0

and replacing |x| by 1, that

1 ! .
M@OC) = r1 J; dp J; e sin 6(x) sec 6(x)dug,.
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Since sinfisecld =tanf, we get from Schwarz’s inequality,

1 1 1/2 1 1/2
M@OC) s —— ( f dp f (secO + l)d,qu) ( f dp f (secB—l)dyBP)
k+1\Jo " Jixi=p o Jixi=s

and thus using (5.7)

*) M(0C) S - [2MOT 5O,

If C is not polyhedral, then by (5.6) there is a sequence {C;} of polyhedral chains

lying in S, such that C;—»C, M(C;)— M(C), M(0C;) - M(0C). Reasoning as

in the proof of (5.7), 6(C) = liminf;6(C;), and hence (*) is still correct. Since

0(0C) = C—00C,W(C —00C) = M(0C). Therefore, (10.2) follows from (*).
In the next lemma let 7(x,r) be the linear transformation such that

w(x,r)(y) = 7'y —x),
and A*(x,r) = ©(x,r)x[4 N S(x,r)]. Note that if r < dist(x,sptd4), then
spt A*(x,r) = Sy,spt0A*(x,r) = frS,.
(10.3) LeMMA. Let C e N(G) minimize mass among all C' with dC’ = dC.
Let xoesptC — sptdC. Let {p,} be any sequence tending to O such that

C*(xq, p,) € N(G) for v=1,2,--- and C*(x,,p,) tends to a limit C*. Then C*
is the cone 00C*.

Proof. Since C minimizes mass, well-known reasoning based on cone con-
struction and (5.7) shows that M[C*(x,,p,)] is bounded and S[C*(x,,p,)] =0
as v— oo ; see for instance [FF, 9.26]. Then (10.3) follows from (10.2).

Let X, be as in §9. Then 0 < Hy(X,) < o0; in fact, AH(X) < p(X) for any
X< X,. See [F, 3.1].

(10.4) LemmA. Let P;— A,M(P;)— M(A), and U be any set such that
uw,frU)=0. Then for every k-plane II containing O,

limsup Hi[((spt Pj) N U)q] < Hi[(X, N U)y].

Jj—oo

Proof. Givene> 0, let K, < X, NintU be compact, with u (U — K,) < ¢/2.
Choose U, open such that K, < U,< U,p,(frU,) =0, and

H[(U)n] < H(K,)n] +¢/2.

Observe that
(ptP)NU<=U,V[(sptP) N(U-U,],

H,[((sptPy) NU)] £ H[(U )yl + (U -U)),
lilﬁ’sotlp H[((spt Py) N U)g] < Hi[(K)n] + (U — U,) +¢/2.
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Since K, =X, NU and U-U,<U - K,, the right side is no more than
H,[(X,NU)y] + &. This proves (10.4).

On the other hand, if A is close to a k-disk, then we have the following lower
estimate:

(10.5) LeMMA. Let W(A — gD) <¢, where D =I1 NS, (with an orientation).
If {Q,} is any sequence of polyhedral chains tending to A, then

Q hmlank[(Spt Qv)l'l] g |g| a(k) —&,
v

where Q = max{|g|: g€G}.

Proof. Let p denote orthogonal projection of E" onto II, p(x) = x’, where
x =x' + x” with x’ eIT1,x" e IT*. Then

QH, [(sptQ)n] 2 M(p+Q,)-

Since p,D = D, we have for large enough v,
M(p+Q, — gD) = W(pxQ, — gD) = W(Q, — gD) <s,

and hence M(p,Q,) 2 | g| M(D) —&.

Proof of (10.1). Let us proceed by induction on k. For k=0, A4 is a poly-
hedral O-chain and X, a finite set. Suppose (10.1) true in dimension k — 1. To
obtain a contradiction, let us assume that there exists 4 € N,(G) with 04 a poly-
hedral chain for which there is a set X = X, such that p,(X) >0, H(Xy) =0
for almost every k-plane IT through 0.

By [F, §3], (8.2), and (8.3), there exists X; < X such that p(X — X,;) =0 and

lim r~*u,[X(x,r)] =0
r—0

for every xe X,, where we have set Z(x,r)=Z NS(x,r), in this case with
Z = X°. Since projection does not increase Hausdorff measure,
H[(X,— X)(x,"n] S H (X, — X)(x,r)] =4~ I#A[Xc(xs n].
Hence, when xe X,,
lim r~*H,[X,(x,)n] = 0,
r—0
for almost all II.
In what follows, we use the notation

A(x,r) = ANS(x,r), A*(x,r)=1(x,1)A(x,1).
If 0 < r <dist(x,sptdA4), then from (5.7)
sptdA(x,r) < frS(x,r), sptoA*(x,r)<frS,
for almost all . Let xe X, . By (5.7) and the finiteness of Dj(x), there is a se-
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quence {r,,} tending to O such that p,[fr S(x,r,)] = 0 for m = 1,2, --- and, writing
A¥ = A*(x,7,), N(AY) is bounded and by (7.4), 4}, tends to a limit C for a
subsequence (still denoted by {r,}). Since 04, 0C and spt4, <= S,, by (5.4)
we have

o(A¥ - C) = aD,,, where M(D,)) 0.

Since (see (8.1)) r,*[u(x, 7m) — v(x,7,)] = 0, C minimizes mass and M(4})—M(C).
In particular, M(C) 2 Df(x) = 4.
In the same way, let

Ct = C*(09pv) = T(O’pv)#ca

where the sequence {p,} tending to O is chosen so that:

(1) ﬂC[er(O’ pv)] = #A[fr S(x’ rmpv)] =0 for m,v=1, 2’ )

(2) N(C¥) is bounded, sptdCF< frS,, and C¥ tends to a limit C*.

Then N(C*)< oo, sptdC*<frS,, and M(C*)=A. By (10.3), C* =00C*.
Since M(0C*) < oo, by the induction hypothesis dC* is a rectifiable (k — 1)-
chain. By (9.1) the cone C* is rectifiable. Therefore, E” is a(ucs, k)-rectifiable set.
Let y be some point such that | y| < 1, the lower k-density of C* at y is at least 4
[actually the k-density exists since C* minimizes mass], and there is an oriented
C® k-submanifold Y(y) such that

lim t*ucS(y,1) — Y()] = 0.

t—=0
For each v=1,2,.-,
A*(x,ry) NS(0,p,) > C NS(0,p,)

as m— o0, and hence A*(x,r,p,)— C¥. Let p, = 'm,Py, Where the subsequence
{m,} is chosen so that A*(x,p,) > C* as v— co0.
Let IT, be parallel to the tangent k-plane to Y(y) at y, and D, =T, N S,. Let

CH*(y,0) = (3, )+ C*(y,0).
By (9.3) there exists ge G such that
lim W[C**(y,t) — gD,] = 0.

t=0+

Since the lower density of C* at y is positive, g #0. Let 0 <& <|g|a(k)/2.
There exist t, > 0 and a neighborhood U of II, in the space of k-planes such that

W[C**(y,t,) — gD] <&
for every ITe U and pc[frS(y,t5)] =0. Choose some IT, € U such that
lim r*H,[X(x,7)]q, = 0.
r-0*
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Let {P;} be a sequence of polyhedral chains tending to A such that
M(P;)—> M(A). For each v,Pj(x,p,) - A(x,p,), and hence P;(x,p,) - A*(x, p;)
as j— co. Choose a subsequence {j,} such that P} — C*, where P} = P} (x,p}).
Moreover, using (10.4) we choose j, large enough that

Hk[(SptPjv(x,P:))nl] < 2H [ X (x,p)n,]-
Then H,[(sptP})n,]—0. Let
Qv = T(y’ tO)#Pr(y’tO)'

Then Q,— C**(y,t,) and H,[(sptQ,)n,]— 0. Since e<|g|oz(k)/2, by (10.5)
liminf, H,[(sptQ,)n,] > 0. This is a contradiction.
Therefore, no such set X exists, which proves that A is rectifiable.
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